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This paper discusses the minimal number nmi n of operators A I . . . . .  A,,, whose 
expectation values at some instants determine the statistical state of an N-level 
quantum system. We assume that the macroscopic information about the system 
in question is given by the mean values Tr[p(tg)A,] = rn,(tj) of n self-adjoint 
operators AI . . . . .  A,, at some instants t~ < / ' 2  ~ " " " ~ Is" where s < N 2 - I .  

1. I N T R O D U C T I O N  

The not ion of  observability of  a dynamical  system is associated with 
the processing of data  obtained from observat ion of the system. Usually one 
assumes (in the classical and quan tum case) that our knowledge about  the 
system in question is given (at the momen t  t - : t 0 )  by the mean values 
Av(A I) . . . . .  Av(A,,)  of the observables (physical quantities) A I . . . . .  ~,,, e.g., 
in quan tum case, by the equalities 

Av(Ai )  = T r i p ( t o ) A l l  = m i (1) 

for i = 1  . . . . .  n. In the above equalities p ( t o )  denotes a density operator  
which describes the state of  the system in question at the momen t  t o . In  
general, to determine the state O(to)  f rom the equalities (1) we have to use 
informat ion theory methods,  i.e., the so-called "pr inciple  of maximum 
ent ropy"  (Jaynes, 1957; Ingarden and Urbanik,  1962; cf. also Katz, 1967; 
and Wichman,  1963). 

The purpose of  this paper  is to study the case when our knowledge 
about  the system in question is given by the condit ions of  the form 

Av( A i ) (  t j )  = T r ( p ( t j ) A  i)  = m i (  t j )  (2) 

1The present paper was sponsored by the Alexander von Humboldt Foundation. 
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where p(tj)  describes the state of the system at the moment  tj and t o ~< t~ < 
�9 . . < t s < - t o + T  for T > 0 .  Here the symbols A, for i = i  . . . . .  n denote 
self-adjoint operators which correspond to physical quantities ~:~ . . . . .  Cs In 
other words, we assume that from observations on the system we are able to 
known the assignments 

[t 0, t o + T]  ~ t j ~ m i ( t j ) E R '  (3) 

for i - - I  . . . . .  n and j =  1 . . . . .  s. We know that with each measurement of an 
observable we have associated a change of state of the system (cf., e.g., 
Davies, 1976; Jauch, 1968). In what follows we consider v = ns ensembles of 
identical systems (systems prepared by identical procedures) and we assume 
that at t = t o all ensembles are described by the same density operator 0(to). 
The quantities mi(tj),  where i = 1 . . . . .  n a n d j  = 1 . . . . .  s can be then measured 
independent ly- -one  can measure only one quantity in each ensemble. 

The time evolution of the system in question is governed by the von 
Neumann equation 

iiJ( t ) = [ H,  p( t )] (4) 

where H denotes the Hamiltonian of the system and we assume that the 
Planck constant h = 1. In other words, the dynamics of such system is given 
by a continuous, one-parameter group of unitary transformations 

p( t ) = U( t, to)O( to)U*(  t, to) (5) 

where U(t, t 0): = exp[ - i l l (  t - t o )] and t E R i. The problem of observability 
consist in the establishment of a current state p ( t )  [or equivalently initial 
state 0(t0) ] of the system by known assignments (3) and the equation (4). 

Let S be an isolated N-level quantum system which is characterized by 
the Hamiltonian H. The following question may arise: what is the minimal 
number nmin of self-adjoint operators A~ . . . . .  A,, for which the system S can 
be uniquely described by information of the form (2)? To give an exact 
answer to this question we must consider the notion of observability of 
dynamical systems in detail. 

2. OBSERVABILITY OF N-LEVEL Q U A N T U M  SYSTEMS 

Let ~ be a finite-dimensional complex Hilbert space associated with 
some quantum system $ .  Let d i m ~  = N. We wi l ldenote  by B(~3C) N 2- 
dimensional vector space of all linear operators on ~ .  One can consider the 
space B ( ~ )  as a Hilbert space if we define scalar product of the operators 
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A, B E  B(gC) by the equality 

((A,B)):=Tr(A*B) (6) 

The set of all states of the system S 

P ( g C ) : =  (pEB( '3C) ;  p = p * , p > ~ 0 , T r p = l }  (7) 

is a proper subset of the space B(gC). 
We assume that the time evolution of the system 5 is described by the 

equation 

i~(t)=-Lp(t) (8) 

where L: B ( ~ ( ) ~  B ( % )  is linear operator given by 

L: p , L p =  - i [ Z ,  p] (9) 

In order to simplify the notation we will denote p(t0) by Po. Let A--  
(A~ . . . . .  A,,) be a set of n self-adjoint linearly independent operators ("ob- 
servables" in physical terminology). 

Using terminology from control theory (cf., e.g., Kalman, 1969) we 
�9 formulate the following definitions: 

Definition 1. The quantum state po E @(~-) is called A-observable if for 
every T >  0 there exists at least one set of instants t~, . . . , t  s, where t o ~< t~ < 
�9 �9 �9 < t s ~< t o + T, such that P0 can be reconstructed using the assignments 

[ t0 , t  0 + r ] 9  t j ,m,( t j )= Tr[ A,p(tj)] (10) 

for i = l  . . . . .  n a n d j = l  . . . . .  s. 

Definition 2. The quantum system $ is said to be A-observable if all 
states O E P('3C) are A-observable. 

Now we want to formulate necessary and sufficient conditions for 
observability of quantum systems in terms of the Hamiltonian H and 
operators A~ . . . . .  d , .  For this, we introduce the following notation. If 
AjE B('X) f o r j  = 1 . . . . .  n and H is a Hamiltonian of the system in question, 
then 

(H(k)IAj) := Span(Q(, . . . .  Q~) (11) 

where Q{: =Aj f o r j  = 1 . . . . .  n and the operators Q~ . . . . .  Q~.,_, are defined in 
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the following way: 

(12) 

f o r j = l  . . . . .  n and k = l  . . . . .  N z - 2 .  
If we have two subspaces (H(kl)[At)CB(~) and (H(kz)lAz)C 

B(~ . )  then the algebraic sum of these subspaces is given by 

~ H( k,)[At) + ~ H( kz)IA2) = { A + B; AE ~ H( k,)IA,), B@ ~ H( k2)IA2) } 

(13) 

This definition can be extended in the obvious way to finite collections of 
subspaces. It is well to note that ~H(kl)lAi)+~H(k2)]A2) is the span of 
{H(kt)lA1) and (H(k2)la2) and may be much larger then the set-theo- 
retic union. 

We can now formulate our main results. 

Theorem 1. Let $ be an N-level quantum system, whose time 
evolution is described by von Neumann equation 

i~(t)= Lp(t) (14) 

where 

Lp= -i[H,p] (14a) 

for p E o~(~C). Let the information about the system in question be 
given by assignments of the form 

[to, to+T]~tj--mi(tj)=Tr[Aip(tj) ] (15) 

for i = 1 . . . . .  n and j =  1 . . . . .  s. The system S is A-observable if and 
only if 

{H(m)lI)+ ~ {H(m)IAi)=B(% ) (16) 
i = 1  

where I denotes the identity in B ( ~ )  and m denotes a degree of the 
minimal polynomial of the operator L(.  ) =  - i [ H , .  ]. 

Proof. First of all we should note that if the quantum system S is 
A-observable, then the exact value of p(to) is determinable from the 
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measurement of rni(t ) over a time duration [t 0, t o + T]. Since 

p(t)=exp(Lt)p(to) (17) 

and exp(Lt)  can be expressed as 

n !  - -  I 

e x p ( L t ) =  E a,(t) Lk (181 
k = 0  

where m is a degree of the minimal polynomial of the operator L ( . ) =  
- -  i[ H, �9 ], so we obtain 

m - 1  

p ( t ) =  E ak(t)Lkp(to) (19) 
k = 0  

The expression mi(t ) can be now written as 

mi(t)= Tr[Aip(t)] =((Ai,p(t))) 
m - I  

= X a,(t)((Ai, Lkp(to))) 
k = O  

m -- ] 
, k a,(t l(((L ) Ai,P(to))) (20) 

k = O  

where L* is the adjoint operator to L with respect to the inner product 
(( ,)) .  

Since the functions ak(t ) are linearly independent of each other (cf., 
e.g., Zadeh, 1963), then for every T > 0  there exists at least one set of 
instants t~ . . . . .  t m (m is a degree of the minimal polynomial of L), where 
t 0~<t~<- .  �9 < t  m~<t o 4-T, such that 

m - -  ] 

m,(tj)= X ak(tj)(((L*)kA,,Po)) (21) 
k = O  

and det[ak(tj)]~O. Hence the above equations can be solved for 
(((L*)kAi, Po)), where k = 0, 1 . . . . .  m - 1, i = 1 . . . . .  n giving 

((( L*)kAi,Po)) =C], (22) 
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(23) 

Now, it is easy to see that from (22) and (23) one can determine the state Po 
if and only if the operators I, Aj, L*A i ..... (L*)m-lAi (where i = 1  . . . . .  n) 
span the vector space B ( ~ ) .  According to the duality relations 

Tr[Ai(  LO)] = Tr[(  L*A i )p] (24) 

we can check that in the Heisenberg picture 

L*A l : i [ H ,  Al] (25) 

for all AlE B ( ~ ) .  Then, using the notation given by (12) and (11), we see 
that our system $ is A-observable if and only if 

(H(m)[ I )+  ~ (H(m)IA,)=B(gC) (26) 
i=1 

This completes the proof. 

3. THE MINIMAL NUMBER OF OPERATORS FOR 
OBSERVABILITY 

In Theorem 1 we have formulated the conditions for observability of 
N-level quantum system with a given Hamiltonian H and given observables 
A~ . . . . .  A,. The following question may arise: what is the minimal number 
nm~ of self-adjoint operators A I . . . . .  A~ for which the system S is 
(A l . . . . .  A,, )-observable. To give an exact answer on this question we must 
determine the number of nontrivial invariant factors of the operator L or 
equivalently, we must determine d imKer(L) ,  where L ( . ) = - i [ H ,  .]. In 
what follows we will discuss this problem in detail. Let us suppose that the 
spectrum of H is 

o ' ( O )  = (•1 . . . . .  Xr} (27) 

where ?~t . . . . .  ?~r are all different eigenvalues of H. In other words we assume 
that if i@ j then ?~i 4: ~,j for all i, j =  1 . . . . .  r ~  N. Of course, we may also 
assume that ?~1 < ?'2 < " " " < ?~r" 
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Now we can formulate the following theorem: 

Theorem 2. Let $ be an isolated N-level quantum system char- 
acterized by Hamiltonian H. The minimal number of observables 
A I . . . . .  A ,  for which the system $ can be (A r . . . . .  A,,)-observable is 
given by the equality 

where 

2 n m i n =  n~ -l- n 2 - t  - . . .  q- n r  (28) 

n, = dim Ker(~ , I  - H)  (29) 

for all ~ o ( H ) ,  i=  1 . . . . .  r. 

Proof First of all, let us observe that if o ( H ) =  {~.K . . . . .  Xr}, then the 
spectrum of the operator L is 

o( L ) =  (/~ ~ R';/.t = X , -  ~j, X,, Xj@ o( H)} (30) 

(cf., e.g., Spohn, 1976). Now, let us denote by n, the so-called algebraic 
multiplicity of ~ . ,~o(H) ,  i.e., the multiplicity of ~i as a root of the 
characteristic polynomial of H. Because H is self-adjoint operator therefore 
the algebraic multiplicity of Xi is equal to the geometric multiplicity of ~ ,  
i.e., we can write 

ni = dim Ker(XiI - H)  (31) 

for i =  1 . . . . .  r. Of course, we have also Y.~:= ~nj = N = dim 0C. 
Using (30) we can see that the multiplicities of all eigenvalues of the 

operator L are not determined uniquely by multiplicities of X~ E o(H).  But, 
if we suppose that Xj < X 2 < �9 �9 - < X r then the multiplicity of the eigenvalue 
/~ = X~ - X j. where 1 ~< i < j ~< r. is limited in the following way: 

u = d i m K e r [ ( ~ i - ~ j ) I - L ] < ~  ~ nkn , (32) 
k = l  
/ = 2  

( k < / )  

It is easy to see that the minimal number of observables for which the 
system S is (A~ . . . . .  A,)-observable is determined by the equality 

nmin= maxdimKer  [ (~i - -  ?~ j ) I -  L] (33) 
i - - 1  . . . . .  r 
j = l  . . . . .  r 
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Because for all natural numbers  n t . . . . .  n r we have the inequality 

nknl<~n~ + n~ + " " " + n2r 
k=-i 
/ = 2  

(k</} 

(34) 

then we can write [using inequality (32) and similar inequality for i > j ]  

~ 2 nmi n : dimKer L = n~ + n~ + - - - + n r (35) 

This completes  the proof.  �9 
Remark. In particular, when all subspaces  K e r ( ? ~ , l - H )  are one-  

d imensional  (i  = 1 . . . . .  N ) ,  or in other words,  when all e igenvalues of H are 
different from each other, we get from (28) that n = N, i.e., the number  n rain 
is equal to the d imens ion  of  the space ~ .  
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